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The Combinatorics of Symmetry Adaptation

K. Balasubramanian*

Department of Chemistry, The Johns Hopkins University, Baltimore, MD 21218, USA

A method is developed for obtaining the generating functions for the
equivalence classes of orbitals wherein only orbitals within an equivalence
class participate in symmetry adaptation. It is shown that using Williamson’s
combinatorial theorem the generating functions for the symmetry species
contained in each equivalence class can be obtained. The method is illustrated
with Porphindianion.
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1. Introduction

The construction of symmetry-adapted orbitals from atomic orbitals is of con-
siderable importance in quantum chemistry. Such symmetry-adapted orbitals
constructed as linear combinations of atomic orbitals are referred to as symmetry
adapted linear combinations (SALC) by Cotton [1]. The usual procedure for
constructing these orbitals (see Cotton, for example) is to find the characters of the
set of atomic orbitals under the action of the molecular point group. Then one
applies the projection operator which corresponds to each irreducible represen-
tation. However, this method does not explicitly separate the set of atomic orbitals
into equivalence classes, wherein only the orbitals within a class mix in any SALC.

Further, when the method developed here is combined with the representation
theory of generalized wreath product groups [2] and the group theoretical
concepts in NMR spectroscopy [3], the NMR spin species and spin functions can
be generated as we will show in a subsequent publication. For reviews on several
chemical applications of graph theory see the book of Balaban [4].
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The first objective of this paper is to give a method for separating the atomic
orbitals into equivalence classes by a special case of the theorem described here. A
combinatorial theorem following Williamson [5] is outlined which enables the
generation of symmetry species in each equivalence class. The projection opera-
tor which corresponds to each symmetry species is applied on the orbitals
belonging to that class to generate SALCs. The procedure is illustrated with
Porphindianion.

2. Theory

Let G be the molecular point group. Let D be a set of atomic nuclei or atomic
orbitals depending upon the context. G acts on D as a group of permutations of D.
Let R be a set containing two elements. Let ' denote the set of all maps from D to
R.If G acts on D it also acts on F in that if f € F then g(f(i)) = f(g "'i), i € D. Thus
the map f - gf defines the action of G on F. Let V be a |R|-dimensional vector
space over a field K of characteristic zero [6]. Let vi= ®? V be the d™ tensor
product of V. Assume D is a discrete set which is usually the case. Let ey, ez, .. .,
ezl be a basis for V with d =|D|. To each feF, we can assign an e;=
er1H® -+ ®esay; e can be seen to be a tensor. The set of tensors S ={es: fe F}
forms a basis for the tensor product V% Define for any g € G, P(g)e; = eg. Thus
P(g) is a permutation operator relative to the basis § since it permutes the tensors
in § by way of the action of g on the functions. Consider the map Q) from G to K|
Q:G - K. In addition let Q#0 and Q be an homomorphism (i.e., (g1g2) =
0(g1)Q(g2)) [7]. Now let us define an operator which we shall call a symmetry
operator as follows.

TG = Z Q(g)P(g)-

lGl ce
Consider a map W from F to K, W :F - K which is also a constant on the orbits
resulting from the action of G on F. Alternatively, with each f € F, there is an
associated element from the field K. In addition if W satisfies the following
property for every f, it is referred to as a weight function.

d
W= T w(f()

where w is a function, w: R - K ; W(f) is also referred to as a weight of a function
in combinatorics books [8].

Now consider the subspace ve of v¢ spanned by all tensors S, =
{e;: W(f) =x € K}. Let the restrictions of the operators T and P(g) to the space
V¢ be TS and P, (g), respectively. Thus one can define a weighted permutation
operator and a weighted symmetry operator with the weight W, denoted as
Pw(g), TZ by the following expressions.

Py (g)= (—BK xP,(g)

TG =@ xT&

xeK
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where &P denotes finite direct sum with respect to the associated subspaces 1%
and x’s vary over the elements of R. In a matrix representation of Py (g),

(g)
Tr Pw(g)= 2;. W(f),

where the sum is taken over all f for which gf =f. In this set up Williamson
[5] proved the following theorem

Theorem (Williamson):

Consequently

TrTH = Z Q(g) Tr (Pw(g))

lG! g

2 Q(g) Z W(f).
\GI o ¢
Define the cycle index of a group G with character y of an irreducible represen-
tation I of G, as

1
P&(xq, x2,...) ZIEIZ X(g)xl{‘xg2 C..

where x71x52... is a representation of a typical permutation g€ G having b,
cycles of length 1, b, cycles of length 2, etc. Then by the theorem mentioned above
Tr T& which is a generating function for the irreducible representation whose
character is , is given by

Tr TZ;":P’é;( Y wr), ¥ (w(r))z,...>.

reR reR

In particular for the identity representation of G

TrTY =PG< Y ow), T (wr),.. )

reR reR

which represents the generating function for sets of functions in F' containing the
identity representation or equivalently G-equivalence classes of F, since each
equivalence class contains exactly one identity representation. Thus in this special
case Williamson’s theorem reduces to the well-known Pélya’s theorem [8].

3. Illustration of the Method with Porphindianion

Let us illustrate the use of the above formalism with Porphindianion as an
example. Balaban [9] enumerated the isomers of substituted porphyrins using the
symmetry of the parent porphindianion (see Fig. 1) whose molecular point group
is D 4. The problem we consider here is to construct the SALCs of the p,-orbitals



50 K. Balasubramanian

1 2
20 3
19 4
N
18 5
17 6
N N
16 7
15 8
N
% 9 Fig. 1. Porphindianion. The equivalence

13 10 classes of orbitals and the symmetry spe-
cies contained in each class which were
generated combinatorially are shown in
12 11 Table 1

perpendicular to the plane of the molecule. All the 20 carbon p.-orbitals do not
mix in any of the SALCs. The above problem first reduces to finding the
equivalence classes of 20 nuclei such that only those p.-orbitals centered on the
nuclei in a class mix to form a SALC. As far as the author is aware it appears that
there is no organized technique for enumerating these classes, in general. The
solution for this problem is obtained by setting x to be the character of the identity
representation in the theorem outlined in Sect. 2. Let D be the set of 20 carbon
nuclei. Let @ and «, be the elements in K which are the weights of elements in R.
Then for this case

Tr TY,, =%[2(a1+az)2°+4(a;‘ +a3)’

+6(at+a3) '+ 4(a;+a)(ai +a3)’].

The coefficient of a1 in the above expression gives the number of patterns or
the number of identity representations in each pattern. This is equal to

wl(7)+20)]->

The classes of nuclei are

¢ ={1,2,6,7,11,12, 16, 17}
C,=1{3,5, 8,10, 13, 15, 18, 20}
C;=1{4,9, 14, 19}.

To construct the SALCs now we look at the transformation properties of vectors
perpendicular to the plane of the molecule belonging to a class. A generating
function for the irreducible representations in the class C; can be obtained by
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Table 1
Irreducible Frequency of
S. No. representation  Class GF occurrence
1. Atg C1, Cy 0 0
2 Agg Cy, C, 0 0
3. By, Cy, G, 0 0
4. B,, C, Cy 0 0
5. E, Cy, Cy 2aZa2+6a?a%+14afa3+16a?ag+l4a?a§ 2
+6a%ag +2a1a;
6. Aty C, Gy aZa2+2a?a%+7a§a§+7a?a3+7a?ag 1
+2a%aS Fayan
7. Ay C1, Gy a§+aza2+6a?a§+7a?ag+l3a‘;ag+7a?ag 1
+6a%ag+a1a;+a§_
8. By, Cy, Gy aZa2+4a?a%+7afa§+9a§‘ag+7a?a§ 1
+4a§ag+a1a;
9. B, C1, Cy aza2+4a?a%+7aia%+9a‘}a§+7a?a§ 1
+4a%ag+a1a%
10. E, Ci,Cy 0 0
11. A Cs 0 0
12. Ay, Cs 0 0
13. By, Cs 0 0
14, B, Cy 0 0
15. E, Cs a%a2+a%a§+a1a% 1
16. Al C; 0 0
17. Ay, Cs at+aja,+2alal +ajad +a 1
18. By, Cs a?az-&—a?{a%Jrala% 1
10. Bs. Cs atal 0
20. E, Cy 0 0

finding Tr Tg;h with W being the weight restricted to C; with the following
definition of P§. Let d; denote a vector centered on the atom d; perpendicular to
the plane of the paper. Then define

1
E[Cf]ﬂ—G-i ngx(g)xlflxﬁz...
ge
where
-1 if gd; = —d, for some k
Eg—

1 otherwise.
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C; denotes the set of vectors centered on the nuclei in the class C,. Now by
Williamson’s theorem

GFO(T,) = *G[c,-J(xk»zlaf‘)

where GF<(I';) denotes the generating function of irreducible representation I';
whose character is x contained in the class C,. Expressions thus obtained for all
irreducible representations of Dy, and for each equivalence class are shown in
Table 1. The coefficient of a* a5 in each expression, where m = |Cj| gives the
number of times the irreducible representation I'; occurs in the set C;. They are
indicated in the last column of Table 1. The complete generating function for all
f’s in F is shown in Table 1, even though for the present problem only the
coefficient of a7 'a, is significant. However, the other coefficients do have
combinatorial significance viz, a typical coefficient a3 in the generating
function which corresponds to the irreducible representation I' and the class C;
represents the number of colorings of vectors with 1 colors of the type 1 and m;
colors of the type 2 that belong to the irreducible representation I" and the class C;.
We also note the following results which can be proved in general, namely,

Y dim ([,)GFS (T = (a; + a2)\
i=1

where dim (I';) is the dimension of the irreducible representation I';; ng is the
number of irreducible representations in G.

Now the projection operator which corresponds to each irreducible represen-
tation of p-orbitals is applied on that class. This yields an orthogonal set of
symmetry adapted orbitals. The SALCs thus obtained for Porphindianion are
shown in Table 2.

The results of Porphindianion are simple but sufficient for the sake of illustration.
A nontrivial example would be that of polycyclic fully pericondensed compounds.
A few of these served as illustrative examples elsewhere [10] (see Figs. 3 and 4).
For these compounds the number of equivalence classes grows as /2, where / is the
number of layers (see Ref. [107]). For a compound containing 8 layers there are 36
equivalence classes as predicted by this method. The irreducible representations
in each class can also be generated combinatorially.

In this paper we considered the combinatorics of symmetry adaptation. A method
for enumerating the equivalence classes of nuclei under the action of molecular
point group was expounded as a special case of the theorem presented here.
Further, the generating functions for the irreducible representations contained in
each class were obtained with a theorem of Williamson. The use of the present
procedure for the enumeration of Gel'fand tableaux and the construction of
symmetry-adapted spin functions will be the subject of a future paper [11]. The
procedure developed here is especially useful in generating symmetry-adapted
NMR spin functions. The usual method to obtain the classes and the symmetry
species in each class would require the complete character table. However, the
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Table 2. SALCs of Porphindianion

Irreducible
S. No. Class representation SALC
1. 1,2,6,7, 1
{11’12 16,17} Ay 78—(d’l+¢2+¢6+¢7+¢11+¢’12+¢16+‘1717)
1
Atu — (1= 2+ Pps—Pr+ 11— P12+ b1~ F17)
V8
1
B T—(¢1—¢2—¢6+¢’7+¢11“¢12—¢16+¢17)
Bs, —(¢1+¢2 b~ D7+ b1t 12— b1~ d17)
E {z(¢1+¢2 b11— b12)
¢ 3Bt d7—b1s— d17)
E {2(¢1 —¢11td1o)
g
Hps—dr— P16+ d17)
2. {3,5,8,10,
13,15, 18, 20} Az, ﬁ(¢3+¢5+¢s+¢10+¢13+¢15+¢18+¢20)
1
Ay, \/—g(¢’3—455+¢s—¢10—¢13+¢15+¢1s—¢zo)
1
Bi.. T‘é(¢3+¢5—¢8—¢10+¢13+¢15‘¢13—¢20)
1
By, —=(P3—Ps—Pgt+dro— P13+ P15~ 15+ Pag)
V8
{%(¢3+¢5’¢13—¢15)
E, 1
2(pgt+d10— P18~ P20)
{%<¢3—¢5—¢13+¢15>
E, 1
2 dg— d10— P18+ P20)
3. {4,9,14,19} A, Hbat o+ d1a+d1o)
Bi. Ha—do—d1at d1o)
1
E(¢4*¢14)
E, 1
\/—E(¢9‘¢’19)

method developed here can generate the symmetry species and classes without
knowing the character tables of NMR groups (wreath products), for these
generating functions can be generated combinatorially by knowing just the
character tables of the composing groups of wreath products.
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